Introduction. Let G be a complex analytic group, and let A be the representation space of a finite-dimensional complex analytic representation of G. We consider the cohomology for G in A, such as would be obtained in the usual way from the complex of holomorphic cochains for G in A. Actually, we shall use a more conceptual categorical definition, which is equivalent to the explicit one by cochains. In the context of finite-dimensional representation theory, nothing substantial is lost by assuming that G is a linear group. Under this assumption, it is the main purpose of this paper to relate the holomorphic cohomology of G to Lie algebra cohomology, and to the rational cohomology, in the sense of [1], of algebraic hulls of G. This is accomplished by using the known structure theory for complex analytic linear groups in combination with certain easily established results concerning the cohomology of semidirect products. The main results are Theorem 4.1 (whose hypothesis is always satisfied by a complex analytic linear group) and Theorems 5.1 and 5.2. These last two theorems show that the usual abundantly used connections between complex analytic representations of complex analytic groups and rational representations of algebraic groups extend fully to the superstructure of cohomology.
We give a brief discussion of convergence of series in a complete locally convex topological vector space A. Let K be a set of indices, and let k~>ak be a map of K into A. We say that (ak)kz=κ is a Cauchy series in A if, given any neighborhood V of 0 in A, there is a finite subset K( V) of K such that, for every finite subset L of K not meeting K\V), Σk^iak^ V. Since A is complete, a Cauchy series (ak)kεκ has a unique sum 'Σke=κak in A, which is determined by the property that, for every neighborhood V of 0 in A, there is a finite subset K*{V) of K such that "ΣkE-Ldk^ V-\ Σk<=κak for every finite subset L of K that contains K*(V). It is easily seen that the formal partial derivatives Di(P){X u -, Xn) and the formal partial antiderivatives DJ 1 (P){X ί , . . . , X n ) again represent power series maps of B into A, that the power series maps of B into C constitute a C-algebra P(B, C), and that the totality P ( into a holomorphic G-module.
Now let us consider a formal integral power series P(X U
A holomorphic G-module / is said to be holomorphically injective if it has the following property: let V be a holomorphic G-module, let U be a G-submodule of V that is a direct topological vector space summand of F, and let μ be a continuous G-module homomorphism of £7 into / then μ can be extended to a continuous G-module homomorphism of V into /. The following proposition is basic for our purposes. Proof. Let V be a holomorphic S-module, and let a be a continuous linear 
(x) =x p(v) -pix v).
Clearly, τ υ is holomorphic. Our last result means that τ v (Q) = (0) . By Lemma We denote it by Hh(G, A) and call it the holomorphic cohomology space for G in A.
3. Semidirect products. We prove a theorem which reduces the determination of the holomorphic cohomology of a linear complex analytic group to the case of a simply connected solvable complex analytic group. 
locally convex, because it is closed in Xi). Now put τ(x) = /(/*). Then τ(x) is a Q-ήxeά element of Xf, and it follows from Lemma 2.2 that τ(x) is actually P-fixed. Hence τ(χ) ^ Xf and it is now clear that r is a continuous linear projection of

Now let Z(Xn) denote the kernel of d n in X5, and consider the exact sequence (0) -d n -i(Xn-i) -*Z(X%) ->H^iK, A)-+(0). If Hh(K, A) is a finitedimensional Hausdorff space the exactness here implies that d n -AX K n-i) is a direct topological vector space summand of Z(Xn).
Since ZiXn) is a closed P-submodule of X n , it is a holomorphic P-module. Hence i-idli)
is also a holomorphic P-module. Moreover, it is complete and locally convex.
By Proposition 2.3, it is therefore holomorphically injective as a P-module.
Hence it is not only a direct topological vector space summand of Z{X? t ) but also a direct holomorphic P-module summand. Hence it is evident that 
We put D°(T y A) = Fh(G i A), and we let ZKΓ, A) denote the direct sum of the Fh(G, C)-modules D*(T, A). The elements of D{T, A) are called the holomorphic differential forms for G in A. Now D{T, A) is made into a complex by introducing the differential operator δ : D Q (T, A)^D Q+1 (T,
A
We define a right G-module structure on FH(G, A) by {f x)(y) =x~1 f(xy).
Then one defines a G-module structure on each D Q (T> A) by putting 
Hence it is clear that the identification of A* with A identifies the complex
DiT, A) G with the standard complex whose homology is the Lie algebra coho-
mology space H(JzfiG), A).
If A is finite-dimensional this shows also that HhiG, A), with its natural structure as a topological vector space, is a finitedimensional Hausdorff space.
Generally, if G is any complex analytic group and A is a holomorphic Gmodule then we may regard a holomorphically injective resolution of A as an acyclic complex X of modules for the universal enveloping algebra UiJz?{G)) 5. Linear complex analytic groups. First, let us consider an irreducible algebraic complex linear group G. Let ΛAG) denote the maximum normal unipotent subgroup of G. There is a fully reducible algebraic subgroup P of G such that G is the semidirect product P-N(G). Moreover, P has a connected compact subgroup Q such that the real Lie algebra of Q spans the Lie algebra of P over C [5, Th. 6.1]. Let A be a finite-dimensional rational G-module.
Regarding G as a complex analytic group and A as a holomorphic G-module, and noting that N(G) is a simply connected solvable (even nilpotent) complex analytic group, we may apply Theorem 4.1 to conclude that the natural map
On the other hand, let us consider the rational cohomology of G, as treated in [1] . This is based on the category of rational G-modules, i.e., sums of finite-dimensional representation spaces of rational representations of G, and is an isomorphism.
The following example shows that, in Theorem 5.2, the condition that the complex analytic homorphisms of G into C extend to rational homomorphisms of G* into C is not superfluous. Let G be the additive group C of the complex numbers. If we identify C with the multiplicative group of matrices \Λ ίC )
u e I we see that G has an algebraic hull G* that is isomorphic with the direct product of two copies of the multiplicative group of the non-zero complex 
